Spatial pattern formation in stiff thin films on compliant substrates is investigated based on a nonlinear 3D finite element model. Typical post-bifurcation patterns include 1D sinusoidal, checkerboard and herringbone shapes, with possible spatial modulations, boundary effects and localizations. The post-buckling behavior often leads to intricate response curves with several secondary bifurcations that were rarely studied and only in the case of periodic cells. The proposed finite element procedure allows accurately describing these bifurcation portraits by taking into account the effect of boundary conditions. It relies on the Asymptotic Numerical Method (ANM) that offers considerable advantages to get a robust pathfollowing technique and to detect multiple bifurcations. The occurrence and evolution of sinusoidal, checkerboard and herringbone patterns will be highlighted.
Introduction
Surface morphological instabilities of stiff thin layers attached on soft substrates are of growing interest in a number of academic domains including micro/nano-fabrication and metrology (Bowden et al., 1998) , flexible electronics (Rogers et al., 2010) , mechanical and physical measurement of material properties (Howarter and Stafford, 2010) , and biomedical engineering (Genzer and Groenewold, 2006) as well as biomechanics (Li et al., 2011) . The pioneering work of Bowden et al. (1998) leads to several theoretical and numerical works in terms of stability study devoted to linear perturbation analysis and nonlinear buckling analysis (Huang and Suo, 2002; Chen and Hutchinson, 2004; Huang et al., 2004 Huang et al., , 2005 Huang, 2005; Huang and Im, 2006; Im and Huang, 2008; Mahadevan and Rica, 2005; Wang et al., 2008; Song et al., 2008; Audoly and Boudaoud, 2008a,b,c; Lee et al., 2008) . In most of these papers, the 2D or 3D spatial problem is discretized by either spectral method or Fast Fourier Transform (FFT) algorithm, which is fairly inexpensive but prescribes periodic boundary conditions. In this framework, several types of wrinkling modes have been observed, including sinusoidal, checkerboard, herringbone (see Fig. 1 ) and disordered labyrinth patterns. It has been early recognized by Chen and Hutchinson (2004) that such systems can also be studied by finite element methods, which is more computationally expensive but more flexible to describe complex geometries and more general boundary conditions, and allows using commercial computer codes. In addition, 3D finite element simulations of film/substrate instability were studied only in few papers (Chen and Hutchinson, 2004; Cai et al., 2011) . Furthermore, the postbuckling evolution and mode transition of surface wrinkles in 3D film/substrate systems are rarely studied and only in the case of periodic cells (Cai et al., 2011) , which still deserves further investigation, especially through finite element method that can provide the overall view and insight into the formation and evolution of wrinkle patterns in more general conditions. Can one obtain the variety of 3D wrinkling modes reported in the literature by using classical finite element models? Can one describe the whole evolution path of buckling and post-buckling of this system? Under what kind of loading and boundary conditions can each type of patterns be observed at what value of bifurcation loads? These questions will be addressed in this paper.
This study aims at applying advanced numerical methods for bifurcation analysis to typical cases of film/substrate system and focuses on the post-buckling evolution involving multiple bifurcations and symmetry-breakings, for the first time with a particular attention on the effect of boundary conditions. For this purpose, a 2D finite element (FE) model was previously developed for multiperiodic bifurcation analysis of wrinkle formation (Xu et al., submitted for publication) . In this model, the film undergoing moderate deflections is described by Föppl-von Kármán nonlinear http://dx.doi.org/10.1016/j.ijsolstr.2014.06.023 0020-7683/Ó 2014 Elsevier Ltd. All rights reserved. elastic theory, while the substrate is considered to be a linear elastic solid. Following the same strategy, we extend the work to 3D cases by coupling shell elements to represent the film and block elements to describe the substrate. Therefore, large displacements and rotations in the film can be considered and the spatial distribution of wrinkling modes like 1D sinusoidal, checkerboard and herringbone (see Fig. 1 ) could be investigated.
Surface instability of stiff layers on soft materials usually involves strong geometrical nonlinearities, large rotations, large deformations, loading path dependence, multiple symmetrybreakings and other complexities, which makes the numerical resolution quite difficult. The morphological post-buckling evolution and mode shape transition beyond the critical load are incredibly complicated, especially in 3D cases, and the conventional numerical methods have difficulties in detecting all the bifurcation points and associated instability modes on their evolution paths. To solve the resulting nonlinear equations, continuation techniques give efficient numerical tools to compute these nonlinear response curves (Doedel, 1981; Allgower and Georg, 1990) . In this paper, we adopted the Asymptotic Numerical Method (ANM) Potier-Ferry, 1990, 1994; Cochelin et al., 1994 Cochelin et al., , 2007 which appears as a significantly efficient continuation technique without any corrector iteration. The underlying principle of the ANM is to build up the nonlinear solution branch in the form of relatively high order truncated power series. The resulting series are then introduced into the nonlinear problem, which helps to transform it into a sequence of linear problems that can be solved numerically. In this way, one gets approximations of the solution path that are very accurate inside the radius of convergence. Since few global stiffness matrix inversions are required (only one per step), the performance in terms of computing time is quite attractive. Moreover, as a result of the local polynomial approximations of the branch within each step, the algorithm is remarkably robust and fully automatic. Furthermore, unlike incremental-iterative methods, the arc-length step size in the ANM is fully adaptive since it is determined a posteriori by the algorithm. A small radius of convergence and step accumulation appear around the bifurcation and imply its presence.
Detection of bifurcation points is really a challenge. Despite a lot of progresses have been made using the Newton-Raphson method, an efficient and reliable algorithm is quite difficult to be established. Indeed, it would cost considerable computing time in the bisection sequence and corrector iteration because of very small step lengths close to the bifurcation. In the ANM framework, a bifurcation indicator has been proposed to detect bifurcation points (Boutyour, 1994; Vannucci et al., 1998; Jamal et al., 2000; Boutyour et al., 2004) . It is a scalar function obtained through introducing a fictitious perturbation force in the problem, which becomes zero exactly at the bifurcation point. Indeed, this indicator measures the intensity of the system response to perturbation forces. By evaluating it through an equilibrium branch, all the critical points existing on this branch and the associated bifurcation modes can be determined. This paper explores the occurrence and post-bifurcation evolution of 1D sinusoidal, checkerboard and herringbone mode in greater depth. The paper is outlined as follows. In Section 2, a nonlinear 3D mechanical model of film/substrate system is developed. Then the resulting nonlinear problem is resolved by the ANM algorithm that is particularly efficient for computing the resulting quadratic equations and the bifurcation analysis is performed in Section 3. Results and discussion are given in Section 4, including the onset and evolution of sinusoidal wrinkles, checkerboard patterns and herringbone modes under different loading and boundary conditions. Conclusions and perspectives are reported in Section 5.
3D mechanical model
We consider an elastic thin film bonded to an elastic substrate, which can buckle under compression. Upon wrinkling, the film elastically buckles to relax the compressive stress and the substrate concurrently deforms to maintain perfect bonding at the interface. In the following, the elastic potential energy of the system, is considered in the framework of Hookean elasticity. The film/substrate system is considered to be three-dimensional and the geometry is as shown in Fig. 2 . Let x and y be in-plane coordinates, while z is the direction perpendicular to the mean plane of the film/substrate. The width and length of the system are denoted by L x and L y , respectively. The parameters h f ; h s and h t represent, respectively, the thickness of the film, the substrate and the total thickness of the system. Young's modulus and Poisson's ratio of the film are denoted by E f and m f , while E s and m s are the corresponding material properties for the substrate.
The 3D film/substrate system will be modeled in a rather classical way, the film being represented by a thin shell model to allow large rotations while the substrate being modeled by small strain elasticity. Indeed, the considered instabilities are governed by nonlinear geometric effects in the stiff material, while these effects are much smaller in the soft material. Since the originality of this paper lies in the numerical treatment of multiple bifurcations, we limit ourselves to this classical framework for the sake of consistency with previous literatures. The large rotation framework for the film has been chosen because of the efficiency of the associated finite element. Note that the same choice of a shell with finite rotations coupled with small strain elasticity in the substrate had been presented for numerical reasons in Chen and Hutchinson (2004) . The application range of this model is limited by two small parameters: the aspect ratio of the film h f =L x ; h f =L y and the stiffness ratio E s =E f . In the case of a larger ratio E s =E f , a finite strain model should be considered in the substrate as in Hutchinson (2013) and this would be not too difficult to be implemented in our framework (Nezamabadi et al., 2011) .
Nonlinear shell formulation for the film
Challenges in the numerical modeling of such film/substrate systems come from the extremely large ratio of Young's modulus (E f =E s % Oð10 5 Þ) as well as the big thickness difference (h s =h f P Oð10 2 Þ), which requires very fine mesh if using 3D block elements both for the film and for the substrate. Since finite rotations of middle surface and small strains are considered in the thin film, nonlinear shell formulations are quite suitable and efficient for modeling. Hereby, a three-dimensional shell formulation proposed by Büchter et al. (1994) is applied. It is based on a 7-parameter theory including a linear varying thickness stretch as extra variable, which allows applying a complete 3D constitutive law without condensation. It is distinguished from classical shell models that are usually based on degenerated constitutive relations (e.g. Kirchhoff-Love, Reissner-Mindlin theories). It is also incorporated via the enhanced assumed strain (EAS) concept proposed by Simo and Rifai (1990) to improve the element performance and to avoid locking phenomena such as Poisson thickness locking, shear locking or volume locking. This hybrid shell formulation can describe large deformation problems with hyperelasticity and has been successively applied to nonlinear elastic thin-walled structures such as cantilever beam, square plate, cylindrical roof and circular deep arch (Sansour, 1995; Zahrouni et al., 1999; Boutyour et al., 2004) . Geometry and kinematics of shell element are illustrated in Fig. 3 , where the position vectors are functions of curvilinear coordinates ðh 1 ; h 2 ; h 3 Þ. The geometry description relies on the middle surface h 1 and h 2 of the shell, while h 3 represents the coordinate in the thickness direction. The current configuration is defined by the middle surface displacement and the relative displacement between the middle and the upper surfaces. The large rotations are taken into account without any rotation matrix since the current direction vector is obtained by adding a vector to one of the initial configurations.
In the initial undeformed configuration, the position vector x representing any point in the shell can be defined as
where rðh a Þða ¼ 1; 2Þ denotes the projection of x in the middle surface and h 3 describes its perpendicular direction with h 3 2 ½Àh f =2; h f =2 in which h f is the reference thickness of shell. The normal vector of middle surface is represented by
Similarly, in the current deformed configuration, we define the position of point x by the vector x:
Therefore, the displacement vector associated with an arbitrary material point in the shell, linearly varies along the thickness direction reads
Totally, six degrees of freedom can be distinguished in Eq. (4) to describe the shell kinematics: three vector components related to the translation of the middle surface (v 1 ; v 2 ; v 3 ) and other three components updating the direction vector (w 1 ; w 2 ; w 3 ). The Green-Lagrange strain tensor is used to describe geometrical nonlinearity, which can be expressed in the covariant base:
where g i are the contravariant base vectors, while g ij ¼ g i Á g j and g ij ¼ g i Á g j respectively represent the components of covariant metric tensor in the initial configuration and the deformed one (Büchter et al., 1994) .
The hybrid shell formulation is derived from a three-field variational principle based on the Hu-Washizu functional (Büchter et al., 1994; Zahrouni et al., 1999) . The stationary condition can be written as
where D is the elastic stiffness tensor. The unknowns are, respectively, the displacement field u, the second Piola-Kirchhoff stress tensor S and the compatible Green-Lagrange strain c u . The enhanced assumed strain e c, satisfies the condition of orthogonality with respect to the stress field. The work of external load is denoted by P e ðuÞ, while k is a scalar load parameter.
Concerning the enhanced assumed strain e c, classical shell kinematics requires the transversal strain field to be zero (c 33 ¼ 0). In reality, since 3D constitutive relations are concerned, this condition is hardly satisfied due to Poisson effect, especially for bending dominated cases. This phenomenon is commonly referred to as ''Poisson thickness locking''. To remedy this issue, an enhanced assumed strain e c contribution has been introduced in the shell formulation (Büchter et al., 1994) , acting across the shell thickness direction. This approach is applied in this paper, since the associated finite element is very efficient, especially for very thin shells (Zahrouni et al., 1999; Boutyour et al., 2004) . A 8-node quadrilateral element with reduced integration is utilized for the 7-parameter shell formulation. The enhanced assumed strain e c does not require inter element continuity, neither contribute to the total number of nodal degrees of freedom. Therefore, it can be eliminated by condensation at the element level, which preserves the formal structure of a 6-parameter shell theory with totally 48 degrees of freedom per element.
Linear elasticity for the substrate
Since the displacement, rotation and strain remain relatively small in the substrate, the linear isotropic elasticity theory with updated geometry can accurately describe the substrate. The nonlinear strain-displacement behavior has essentially no influence on the results of interest (Chen and Hutchinson, 2004) .
The potential energy of the substrate can be expressed as
where L s is the elastic matrix of the substrate. In this paper, 8-node linear block elements with reduced integration are applied to discretize the substrate, with totally 24 degrees of freedom on each block element.
Connection between the film and the substrate
As the film is bonded to the substrate, the displacement should be continuous at the interface. However, the shell elements for the film and 3D block elements for the substrate cannot be simply joined directly since they belong to dissimilar elements. Therefore, additional incorporating constraint equations have to be employed. Hereby, Lagrange multipliers are applied to couple the corresponding node displacements in compatible meshes between the film and the substrate (see Fig. 4 ). Note that using 8-node linear block element here is only for coupling convenience, 20-node quadratic block element would be another good candidate, while both of them follow the same coupling strategy. Consequently, the stationary function of film/substrate system is given in a Lagrangian form: 
Resolution technique and bifurcation analysis
The Asymptotic Numerical Method (ANM) (Damil and PotierFerry, 1990; Cochelin et al., 1994 Cochelin et al., , 2007 Cochelin, 1994 ) is used to solve the resulting nonlinear equations. The ANM is a path-following technique that is based on a succession of high order power series expansions (perturbation technique) with respect to a well chosen path parameter. It appears as an efficient continuation predictor without any corrector iteration. One can get approximations of the solution path that are very accurate inside the radius of Fig. 4 . Sketch of coupling at the interface. convergence. In this paper, the main interest of the ANM is its ability to detect bifurcation points. First, small steps are often associated with the occurrence of a bifurcation. Then, a bifurcation indicator will be defined, which allows exactly detecting the bifurcation load and the corresponding nonlinear mode.
Path-following technique
The resulting nonlinear problem (10) can be rewritten as
where U ¼ u f ; u s ; l À Á is a mixed vector of unknowns, R the residual vector, LðÁÞ a linear operator, Q ðÁ; ÁÞ a quadratic one, F the external load vector. The external load parameter is denoted as a scalar k. The principle of the ANM continuation consists in describing the solution path by computing a succession of truncated power series expansions. From a known solution point ðU 0 ; k 0 Þ, the solution ðU; kÞ is expanded into truncated power series of a perturbation parameter a:
where n is the truncation order of the series. Eq. (15) defines the path parameter a that can be identified to an arc-length parameter. By introducing Eqs. (13) and (14) into Eqs. (11) and (15), then equating the terms at the same power of a, one can obtain a set of linear problems, which is detailed in Appendix A.
The maximum value of the path parameter a is automatically defined by analyzing the convergence of the power series at each step. The arc-length a max can be based on the difference of displacements at two successive orders that must be smaller than a given precision parameter d:
where the notation Á k k stands for the Euclidean norm. Unlike incremental-iterative methods, the arc-length step size a max is adaptive since it is determined a posteriori by the algorithm. When there is a bifurcation point on the solution path, the radius of convergence is defined by the distance to the bifurcation. Thus, the step length defined in Eq. (16) becomes smaller and smaller, which looks as if the continuation process 'knocks' against the bifurcation (Baguet and Cochelin, 2003) . This accumulation of small steps is a very good indicator of the presence of a bifurcation point on the path. All the bifurcations can be easily identified in this way by the user without any special tool.
It is worth mentioning that there are only two parameters controlling the algorithm. The first one is the truncation order n of the series. It was previously discussed that the optimal truncation order should be large enough between 15 and 20, but bigger values (e.g. n ¼ 50) lead to good results for large scale problems as well (Medale and Cochelin, 2009) . Another important parameter is the chosen tolerance d that affects the residual. For instance, very small values of tolerance (e.g. d ¼ 10 À6 or 10 À8 ) ensure a quite high accuracy and a pretty robust path-following process.
Detection of bifurcation points
Detection of exact bifurcation points is a challenge. It takes much computation time in the bisection sequence and in many Newton-Raphson iterations because of small steps close to the bifurcation. In the framework of the ANM, a bifurcation indicator has been proposed to capture exact bifurcation points in an efficient and reliable algorithm (Boutyour, 1994; Vannucci et al., 1998; Jamal et al., 2000; Boutyour et al., 2004) . Let Dlf be a fictitious perturbation force applied to the structure at a given deformed state ðU; kÞ, where Dl is the intensity of the force f and DU is the associated response. Through superposing the applied load and perturbation, the fictitious perturbed equilibrium can be described by
Considering the equilibrium state and neglecting the quadratic terms, one can obtain the following auxiliary problem:
where L t ðÁÞ ¼ LðÁÞ þ 2Q ðU; ÁÞ is the tangent operator at the equilibrium point ðU; kÞ. If Dl is imposed, this leads to a displacement tending to infinity in the vicinity of the critical points. To avoid this problem, the following displacement based condition is imposed: 
where L 0 t ðÁÞ is the tangent operator at the starting point ðU 0 ; k 0 Þ and the direction DU 0 is the solution of L 0 t ðDU 0 Þ ¼ f. Consequently, Dl is deduced from the linear system (18) and (19):
Since the scalar function Dl represents a measure of the stiffness of structure and becomes zero at the singular points, it can define a bifurcation indicator. It can be directly computed from Eq. (20), but it requires to decompose the tangent operator at each point throughout the solution path. For this reason, the system (18) and (19) can be more efficiently resolved by the ANM, which is detailed in Appendix B.
Goal: find a b such that:
In what follows, each field DUða b Þ is called instability mode or wrinkling mode. Note that it is recommended to use a random perturbation force vector f (Boutyour, 1994; Boutyour et al., 2004) . The bifurcation indicator in Eq. (20) vanishes at singular points only if the fictitious force vector f is not orthogonal to the instability mode. The choice of a random perturbation force can avoid this problem. It is worth mentioning that the fictitious perturbation force f influences neither the numerical solutions of the initial problem (11) nor the detection of bifurcation points via (18) and (19), but only the auxiliary unknown DUðaÞ. 
Results and discussion
Three types of wrinkling patterns, sinusoidal, checkerboard and herringbone, will be investigated under different loading and boundary conditions. On the bottom surface of the substrate, the deflection u z and the tangential traction are taken to be zero. The material and geometric properties of film/substrate system are similar to those in Wang et al. (2008) , Song et al. (2008) , Bowden et al. (1998) and Xu et al. (submitted for publication) , which is shown in Table 1 . The different dimensional parameters and loading conditions for each case are presented in Table 2 and Fig. 5 , respectively. The huge ratio of Young's modulus, E f =E s , determines the critical wavelength k c that remains practically unchanged as the amplitude of the wrinkles increases ; Xu et al., submitted for publication). Poisson's ratio is a dimensionless measure of the degree of compressibility. Compliant materials in the substrate, such as elastomers, are nearly incompressible with m s ¼ 0:48. A relative thin film has been chosen so that an isotropic and homogeneous system is not parameter dependent (Xu et al., submitted for publication) . In order to trigger a transition from the fundamental branch to the bifurcated one, small perturbation forces, f z ¼ 10 À8 , are imposed in the film. The introduction of such small perturbation forces is a quite common technique in the solution of bifurcation problems by continuation techniques (Doedel, 1981; Allgower and Georg, 1990) , even when using commercial finite element codes. This artifice could be avoided by applying a specific procedure to compute the bifurcation branch as in Boutyour et al. (2004) and Vannucci et al. (1998) . In this paper, the perturbation forces f z allow us to compute the whole bifurcated branch with a single continuation algorithm. Note that these forces differ from the fictitious perturbation force in Section 3.2 that acts only on the bifurcation indicator. The number of elements required for a convergent solution was carefully examined. Critical loads can be detected by bifurcation points in the load-displacement curve. Although the small step accumulation is a good indicator of the occurrence of bifurcation, the exact bifurcation points may locate between two neighboring steps, which cannot be captured directly. Therefore, bifurcation indicators are computed to detect the exact position of bifurcation points. By evaluating this indicator through an equilibrium branch, all the critical points existing on this branch and the associated bifurcation modes can be determined. In what follows, we will explore in greater depth the formation and evolution of three kinds of patterns (sinusoidal, checkerboard and herringbone) in the case of a not too large wave number. In experiments, one often observes more disordered modes, like a frustrated labyrinth (Bowden et al., 1998; Yin et al., 2012) . These more intricate patterns can be predicted by generic finite element procedure as the one presented in this paper, provided that sufficient computer resources are available.
Sinusoidal patterns
First, we study the sinusoidal pattern formation and evolution via Film/Sub I. The film is uniaxially compressed along the x direction as shown in Fig. 5(a) . The displacements v 2 ; v 3 ; w 2 and w 3 are taken to be zero on loading sides s and u (see Fig. 5(a) ) that are parallel to O y . This means that these sides are simply supported because the rotation w 1 around O y is not locked. The other two sides r and t are set to be free. To avoid rigid body motions, the displacement v 1 in the film center is locked as well. The film is meshed with 50 Â 50 shell elements to ensure at least five elements within one wavelength. The substrate is compatibly discretized by 12,500 block elements with five layers. Totally, the film/ substrate system contains 100,827 degrees of freedom (DOF) including the Lagrange multipliers.
The critical load of sinusoidal wrinkles based on classical linearized stability analysis was presented in Chen and Hutchinson (2004) and Huang et al. (2005) , with Föppl-von Kármán nonlinear elastic plate assumption for the film. For a finite thick substrate, the critical load is expressed as
, where
By introducing the material and geometric parameters in Table 1 , one can obtain the analytical solution for periodic boundary conditions F c ¼ 0:048 N=mm, which is close to our 3D finite element results with real boundary conditions (about 0:052 N=mm in Fig. 6) .
The established 3D model based on the ANM offers a very fast computing speed to reach secondary bifurcations with few steps (see Fig. 6 ). These steps are very large except in the very small region where the load is between 0.052 and 0.056 N/mm. In this region, one can observe two packets of small steps corresponding to two bifurcation points. Their exact locations have been captured through evaluating the bifurcation indicators along the equilibrium branch (see Fig. 7 ). The same method will also be used in the following examples, but the corresponding curves will no longer be presented. The sequence of wrinkling modes Dv corresponding to the bifurcation loads and their associated instability modes Dv 3 are illustrated in Fig. 8 . These two instability modes are similar to classical patterns obtained for instance in membrane wrinkling. Their shapes are sinusoidal with fast oscillations in the compressive direction and with spatial modulation. These oscillations are located in the center of the film for the first mode and near the sides s and u for the second one, which corresponds to zones where the compressive stresses are larger. When the load increases, the pattern tends to a more or less uniform sinusoidal shape (see Fig. 9 ) with small boundary effects close to the loading sides. In other words, boundary effects are important at the first appearance of wrinkles, then the amplitudes of the oscillations tend to be uniform. Similar evolutions have been obtained in similar problems where one converges to an oscillation whose envelope looks like a hyperbolic tangent, for instance for a clamped beam (Mhada et al., 2012) or a clamped membrane (Damil et al., 2014) . The tendency to a uniform oscillation is in agreement with predictions of the asymptotic Ginzburg-Landau equation (Damil and Potier-Ferry, 2010) .
Following the same strategy, we investigate the surface morphological instability via Film/Sub I in the case of clamped boundary conditions. More specifically, the displacements w 1 is also taken to be zero on loading sides s and u (see Fig. 5(a) ) that are parallel to O y . This means that these sides are clamped because the rotation w 1 around O y is locked. The other boundary conditions and loadings are the same as before. The same mesh as in simply supported case is carried out.
Two bifurcation points have been found as shown in Fig. 10 . The two instability modes correspond to modulated oscillations (see Fig. 11 ). The first one is similar to simply supported case except the vanishing rotations on the boundary. The second one takes a hyperbolic tangent envelope except a small localization in the middle. Then the pattern tends to be a uniform hyperbolic tangent shape when the load reaches the final step (see Fig. 12 ).
Checkerboard patterns
Checkerboard modes are explored via Film/Sub II. The square film is under equi-biaxial compression both in x and y direction (see Fig. 5(b) ). The deflections v 3 on four edges r, s, t and u, are locked to be zero, which means the film is simply supported on the whole boundary. The displacements v 1 and v 2 in the film center are also set to be zero to avoid rigid body movements. The same mesh as in the sinusoidal case with totally 100,827 DOF is performed.
Four bifurcations have been captured through computing bifurcation indicators (see Fig. 13 ). In any case, the main symmetries with respect to the medians have been preserved. The first wrinkling load is slightly lower than in the uniaxial loading case (k ¼ 0:048361 instead of 0.052812). Fig. 14 presents a sequence of wrinkling modes Dv corresponding to the critical loads and their associated instability modes Dv 3 . In the first mode, the pattern is not uniform and one observes a corner effect due to stress concentration in this area. As in the two previous cases, this first bifurcation is due to local effects that should not appear under periodic boundary conditions. The uniform checkerboard mode matures in the bulk at the second bifurcation, but this growth in the center seems to occur gradually since the first bifurcation. Boundary and corner effects are significantly growing when the load reaches the third bifurcation (see Fig. 14(e) ). Nevertheless, it still maintains the checkerboard shape in the middle bulk. The fourth mode is very similar to the third mode due to their proximate critical loads, which cannot be obviously distinguished and is not shown here. The wrinkling pattern in the final step is depicted in Fig. 15 , which appears strong boundary and corner effects. The growth of checkerboard patterns is not as stable as for the previously observed sinusoidal patterns, since three bifurcations occur for rather small values of the deflection (v 3 =h f % 0:375) and there is a local maximum value of the deflection. Note that the checkerboard mode is rarely observed in experiments because it is very sensitive to perturbation and it mainly appears under strictly symmetric loading, boundary and geometric conditions.
Herringbone patterns
Herringbone modes are investigated via Film/Sub III with a rectangular surface (L x =L y ¼ 0:5) so as to more clearly observe the patterns, since the wavelength k x and k y are not identical. The film is under biaxial step loading as shown in Fig. 5(c) . More precisely, the film is compressed along the x direction at the first step, where the loading and boundary conditions are the same as the sinusoidal case with simply supported boundary conditions in Section 4.1: simply supported on sides s and u, free on sides r and t. Then, the displacements v 1 ; v 3 ; w 1 and w 3 along four sides r, s, t and u, are locked at the beginning of the second step of loading, which means that the sides r and t are simply supported in this second step. Compressions on two edges r and t are then imposed along the y direction. The film is meshed with 26 Â 50 shell elements, while the substrate is compatibly discretized by 6500 block elements with five layers. Totally, the film/substrate system contains 53,235 DOF including the Lagrange multipliers.
The uniaxial compression in the first step generates the same type of sinusoidal wrinkles as in Section 4.1. In Fig. 16(a) , two bifurcation points have been found. The sequence of wrinkling modes Dv corresponding to the bifurcation loads and their associated instability modes Dv 3 are illustrated in Fig. 17 . The first mode is modulated in a sinusoidal way while the second one corresponds to a quasi-uniformly distributed oscillation. During the second step of compression along the y direction, two bifurcations have been captured by computing bifurcation indicators (see Fig. 16(b) ). The where period-doubling or even period-quadrupling is observed. Here, the periodicity is broken by the appearance of 3D wrinkling patterns and one can wonder in which cases the sinusoidal modes lose their stabilities by the occurrence of period-doubling or 3D wrinkling modes. The herringbone mode (see Fig. 17(d) and Fig. 18(d) ) appears around the second bifurcation with an in-plane wave occurring along the y direction in order to satisfy the minimum energy states (Chen and Hutchinson, 2004; Audoly and Boudaoud, 2008b) . Apparently, the wavelength k y is larger than the sinusoidal wavelength k x , which is consistent with the experimental results in Yin et al. (2012) . A symmetric phase shifting can be obviously seen in the final step (see Fig. 19 ), which justifies that the new in-plane wave spreads along the y direction while oscillates in the x direction. Nevertheless, the wave number in the x direction remains unchanged during the second step of loading.
Conclusion
Pattern formation and evolution of stiff films bound to compliant substrates were investigated, by accounting for boundary conditions in 3D cases, which was rarely studied previously. A classical model was applied associating geometrically nonlinear shell formulation for the film and linear elasticity for the substrate. Then the shell elements and block elements were coupled by introducing Lagrange multipliers. The presented results rely heavily on robust solution techniques based on the ANM that is able to detect secondary bifurcations and to compute bifurcation modes on a nonlinear response curve. Probably, it would be rather difficult to detect all the bifurcations found in this paper by conventional numerical methods. Notably, the occurrence and evolution of sinusoidal, checkerboard and herringbone modes have been observed in the post-buckling range. The boundary conditions lead to nonuniformly distributed modes, but these boundary effects hold only at the onset of the instability and further bifurcation modes correspond to more or less uniform amplitudes of oscillations. In our simulations, the appearance of 1D sinusoidal, 2D checkerboard or herringbone patterns is mainly related to the loading conditions. The nonlinear behavior of moderately large wrinkles has been investigated and it seems that 1D patterns are more stable than 2D ones.
The presented nonlinear 3D model can describe moderately large displacements and rotations in the film, while the computation cost is dramatically increasing compared to the 2D model in Xu et al. (submitted for publication) (100,827 DOF in the 3D model instead of 1818 DOF in the 2D model). In this respect, an idea for simulating larger samples is to introduce reduced-order models, for example via the technique of slowly variable Fourier coefficients Potier-Ferry, 2006, 2010; Mhada et al., 2012; Damil et al., 2014) .
